General Schemes for multi-particle d-dimensional Cat-like State Teleportation 
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Two kinds of A/-particle d-dimensional cat-like state teleportation protocols are present. In the 
first protocol, the teleportation is achieved by d-dimensional Bell-basis measurements, while in the 
second protocol it is realized by d-dimensional GHZ-basis measurement. It is also shown that the 
second protocol has a simple mathematical formulation that is identical to Bennett et al's original 
teleportation protocol for an unknown state of a single particle. 
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Since first suggested by Bennett et al , teleportation of quantum state has attracted the attention of both theorists 
and experimentalists. It is one of the most important aspect of quantum information. In their original work, Bennett 
et al gave a protocol to teleport an unknown quantum state for qubit system using EPR pairs. Besides the qubit 
case, they also generalized the scheme to the case where the single particle has d-dimensional Hilbert space using 
a pair of d-state particles in a maximally entangled state ^ \i) (g) where i=0, 1, 2,. . ., d-1. This protocol is 

i 

studied in detail recently using positive operator valued measurement. Meanwhile, Bennett et al also considered 
the teleportation of M-particle state. Their scheme is actually to teleport particles one-bye-one, and it requires 2Af 
particles to teleport M particle state. Multipartite cat-like state teleportation raises high attention recently [^-0, 
for it is found that for qubit system they can be teleported using fewer particles than Bennett et al's protocol, i.e. 
M-particle cat-like state need only M + 1 particles to teleport compared to Bennett's 2M particles. The core problem 
to construct these protocols is to find a prorate measurement basis Alice should choose. 

In this paper, we present two protocols to teleport M-particulate state in d-dimension. One protocol is the gen- 
eralization of the standard protocol associated with Bell-basis measurement and the other protocol is associated 
with the GHZ-basis measurement [Q. We will begin with simple examples and then give the explicit expression for 
the general case. In particular, the M-particle case will be considered and the relation between the two protocols and 
those with the original protocol of Bennett et al. will be analyzed. 

First we consider the teleportation of cat-like state of 2 particles in 3-dimension using "Bell-basis 
measurement" protocol. Alice has a 3-dimensional cat-like state l^'cat) which she wants to teleport to Bob: 



\^cat) = a|0)i|0)2 + /3|l)i|l)2 +7|2>i|2) 



(1) 



As is common to cat-like teleportation study, the basis |00), |11) and |22) are known, but the coefficients a, f} and 7 
are unknown. 

We use maximally entangled state of three particle |5'a/) to complete our task: 



|*A./> = (|0)3|0)4|0)5 + |1>.3|1>4|1>5| + |2)3|2)4|2)5)/V3. 

We gave particle 3 to Alice and particles 4 and 5 to Bob. Thus the state of the whole system is 



(2) 



I*) = — (a|0)i|0)2 + /3|l)i|l)2 + 7|2)i|2)2) ® (|0)3|0)4|0)5 + |1)3|1)4|1)5| + 1 2)3 12)4 12)5). (3) 



"Bell-basis measurement" requires the collapse of the second and third particle to the state 

\^nm) = ^e2"J"/3|j) ® |j +m mod 3)/V3 



(4) 



where n, m, j=0, 1, 2. More explicitly: 
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However, to complete our task, a combined measurement of Alice's three particles is needed. The combined mea- 
surement includes a Bell-basis measurement for particles 2 and 3, and a separate measurement on particle 1 in the 
{ko), Itti), |7r2)} basis defined by: 
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The state of the whole system can be rewritten in the form: 



(6) 



(7) 



Thus, after the combined measurement if Alice obtains the result that particles 2 and 3 are in state and 
particle 1 is in state Itt^), the unitary transformation U!^^ 



\j) ig) + m) mod3\ ® ((j + m) mod 3| 



(8) 



will transform \iPnm)i5 l^cot = a|0)4|0)5 -|- /3|1)4|1)5 -|- 7|2)4|2)5, which completes the teleportation. 

Teleportation of cat-like state of 2 particles in d-dimension using Bell-basis protocols is straightforward. 
To teleport the d-dimensional cat-like state 



|*cat) =X]"'IOl02 / = 0, 1, 



(9) 



we only need to collapse the particles 2, 3 to the basis 

\^nm) = ^e^^^^^Z-^li) ® \j + mmodd)/Vd 



(10) 



and simultaneously collapse particle 1 to the basis {Ittq,)} 



^ d-l 



a = 0, 1, . . . , d — 1. 
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Using these basis, the state of the whole system can be rewritten in the form: 

n,m,k 



(11) 



(12) 



Thus, after the combined measurement of particles 1, 2, and 3 by Alice, if the results of the measurement is particles 
2 and 3 are in state l^'nm) and particle 1 in state Itt^), the unitary transformation 



Tjk _ 1 2mj(n+k)/d 
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\j) (g) \ + m) modd\ (g) {{j + m) modd\ 



(13) 



will transform |((3f„„)45 to |*cat)45- 

Furthermore, the above results can be generalized in the many particle case. For M-particle cat-like 
state with d-dimension 



d-l M 



\^cat) = Y,aiJ{\l)i. 



(14) 
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It is not difficult to complete the teleportation task with other M-l-1 particles in the maximally entangled state as 

^ d-l 

\^M+l) = ^ I M+1,...,2M+1- (15) 

Then, as a whole, the state of the system can be written as: 



^ M+1 fc,n,m,ai 
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where Itt^jc 



_i) = Yl ^■iid aj = 0, 1, . . . , — 1. We only need to make a measurement to collapse the 



i=l 



M, M+1 particles into the basis {|$mn)} and measure particles 1 to M on the basis {|7raia2 ■ aM-i)} simultaneously. 
After the results of the measurement is known, Bob applies the unitary transformation Unm^ defined by 



Tjaia2---oiM 
^ nm 



= ^ e *=i \j) (g) \ j){{j + m) modd\ (g) ((j + m) modd\/d 



(17) 



to his M-particle which is in state |<Pnm ^ ""~^), and this will transform his state to \^cat)- This complements the 
teleportation task. 

Now we turn to the "GHZ-basis measurement" protocol. We first discuss the case of 2 particles in 3- 
dimension, and then we generalize the 2 partcle case into d-dimensions. Finally we give the results for the general 
case of M-particles in d-dimensions. 

First we consider the 2 particle in 3-dimension case in detail. Alice possesses a 3-dimensional cat-like state 
|*cat) which she wants to teleport to Bob: 



|*cat)=a|0)|0)+^|l)|l)+7|2)|2). 
We use three particles in the maximally entangled state |^'m) to complete our task: 

|v&m) = (|0)|0)|0) + |1)|1)|1)| + |2)|2)|2))/x/3 
Then we choose the collapse basis for particle 1, 2, 3 as 

\Km) = E e2"^"("+'=)/3|j) ^ |(j + n) mods) ® |(i + m) mod3)/V3. 



(18) 
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In this basis, the state of the whole system can be written in the form: 

[a|0)|0) + /J|l)|l) +7|2)|2)] ® [(|0)|0)|0) + |1)|1)|1)| + |2)|2)|2))/V3] = ^ 1*^) ® b^), 



(21) 



where 



[a|0)|0) + +7|2)|2)] ® [(|0)|0)|0) + |1)|1)|1)| + |2)|2)|2))/V3] 
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and l^Pm) is the state of Bob's particles. Thus, after the measurement made by Alice in the above basis, the unitary 
transformation U!i 



U^ = \Y1 e^^''^l^\3) ® + m) mod3\ ® {{j + m) mod3\ 



(23) 



will transform Bob's state |<p^) to j^'cat)- 

Generalization to d-dimensional case is also straightforward. To teleport the d-dimensional cat-like state 



l*cat) =5ZailOO 1 = 0,1, ...,d-l, 



(24) 



we need to collapse the 1, 2, 3 particles to the basis 

l*nm) = Yl e2'^'^("+'=)/'^|j) |(i + n) modd) ](j + m) modd)/Vd. 



(25) 
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In this basis the state of the whole system can be written in the form: 

i*> = Ei*oJ^i'^:;)- (26) 

Thus, after the GHZ-type of measurement by Ahce which coUapse Ahce's partciles to states labeled by n, m and k, 
the unitary transformation 

U,i = e^'''^''/'^\j) ® + m) modd\ ® ((j + m) modd\/d (27) 

j 

will transform Bob's partclc state Ifysjj^) to I'i'cat)- 

The generalization to the A/-particle case is very easy. To teleport an Af -particle d-dimension ct-like state, 

l^cat) =EanOi® l(i;;J)2,3,....M, / = 0, 1, . . . , d - 1, (28) 

I M-l 

using M + I particles in the maximally entangled state, we can make the following observations. Denoting 1^)2 = 
|(^_^;_J)2,3,...,A/, the cat-like state becomes 

M-l 

\-^cat) ^Yai\l)i^\l)^. (29) 
I 

By by replacing \l)2 with ll)^ and |(j -I- n) mod 2)2 with |(j -I- n) mod 2)2 in ( p^j27| ), we obtain the basis to collapse for 
Alice and the corresponding transformation for Bob. In this respect we can say that the teleportation of M-particle 
cat-like state is equivalent to 2-particle cat-like state teleportation in the "GHZ-basis measurement" protocol. 

Finally, it should be pointed out that all the "GHZ-basis measurement" protocols can be reduced to 
Bennett et al.'s original protocol for a single particle In fact, 

10 = liL^)l.2,....M (30) 

M 

resembles a "single" particle state in Bennett et al's protocol, the Af -I- 1 particle state 

\^nm) = e'"^'"/l7) ® |(j + m) modd)/Vd, (31) 
j 

resembles the "2" particle states in Bennett's protocol, and 

Tlnm = Y f?'""^'^''^ |fc) ((fc + m) modd\ . (32) 

is the unitary transformation of Bob on his "single" particle. In this way, we see that the mathematical expressions 
are identical for Af -particle cat-like teleportation and the single particle teleportation protocol. 

Therefore, any cat-like teleportation problem can be solved when measuring in the basis constituting of {|^'„m)} and 
its orthogonal complement followed by applying the unitary V nm (It is noted that only the coefficients of {|5'Tmi=om)} 
are nonzero). Thus, accurate teleportation of Af-particle with d-state requires 21og2 M bits in "GHZ-basis measure- 
ment" protocol. This is not surprising because the cat-like state that we want to teleport belongs to the d-dimensional 
subspace of the whole Hilbert space. Mathematically we can well treat the Af-particle d-dimcnsion unknown cat-like 
state teleportation problem as the teleportation of an unknown d-dimensional state of a single particle. We can 
understand the result of Werner [|j that the "GHZ-basis measurement" protocol is the optimal one. Because we know 
it costs the fewest classical communication among all the possible faithful protocols. 

Regarding implementation, it is noted the "GHZ-basis measurement" protocol is harder to implement experi- 
mentally than the Bell-basis measurement protocol, for it needs to do Af -particle collective measurement. While 
"Bell-basis measurement" protocol is much easier to implement experimentally although it costs (Af 1) log2 Af 
classical bits. It is easy to construct other protocols with fclog2 Af classical bits 2 < fc < (Af -1-1), when Alice chooses 
to do (Af — fc -f 3)-particle collective measurement. 
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